The recently introduced relativistic Lagrangian darkon fluid model (EPJ C (2015) 75:9) is generalized to a self-gravitating, irrotational, pressure-less and stress free geodesic fluid, whose energymomentum tensor is dust-like with nontrivial energy flow, defining the general framework for our cosmological model. In the present paper we consider only the averaged dynamics of the Universe at very large scales, allowing us to work with conformal flat geometry. The corresponding covariant propagation and constraint equations are treated in a shear-free nonrelativistic limit. The dynamics is described with a Lagrangian in minisuperspace. Analytic solutions for the energy density, the Hubble function and the 1st order relativistic correction to the spatial curvature are obtained by means of two conditional dynamical symmetries. This leads to a cosmological model where the accelerated expansion of the Universe is driven by a time-dependent spatial curvature without the need for introducing any kind of dark energy. A differential equation for the area distance is derived in addition.
Introduction
There is no doubt about that the present universe undergoes a phase of accelerated expansion (cp. [1] ) and the literature cited therein). Almost all observations are in good agreement with the Λ-cold dark matter (CDM) cosmology [2] , however some observations are in disagreement with this ΛCDM model (see [3] ). From the theoretical point of view, no convincing solution for the "Cosmological constant problem" is known (cp. [2] , [4] ).
Two alternative strategies to the ΛCDM model are under discussion in the physics community.
In the first category one introduces some kind of "new physics" by changing Einstein's field equations (EFEs). The ΛCDM model belongs to this category, since introducing a cosmological constant modifies the original EFEs.
In the second category one considers, in the framework of "old physics", accelerated expansion as an apparent effect due to averaging over inhomogeneities in the Universe (for a recent review see [5] ).
To the first category belong alternative cosmological models which explain the accelerated expansion and/or dark matter by changing either the geometrical part of the EFEs (called modified gravity; see [6] , [7] and the literature cited therein), or by changing the matter part by adding some scalar fields (for a recent review see [8] ). But all these proposals are of a phenomenological nature, because they contain either unknown parameters or even freely chosen functions. To overcome such an exaggerated freedom, some new (i.e. nonstandard) physics is needed, which, however, should be based on known fundamental physical principles (e.g. symmetry). Such an attempt has been made recently by the present author and by W. J. Zakrzewski [9] . Based on General Relativity (GR) we introduced a Lagrangian model containing no unknown parameters, which led to an energy-momentum tensor consisting of a dust term and a nontrivial energy flow [9] .
Thus our model belongs to the class with a modified matter part of the EFEs. The model is a GRgeneralization of the nonrelativistic darkon fluid model introduced in [10] , further developed in [11, 12] and reviewed and extended in [13] . The guiding principle of the latter model is to use the unextended Galilei algebra, dynamically realized by a fluid consisting of massless Galilean particles minimally coupled to gravity. We called it darkon fluid since it had been introduced initially for the description of the dark sector of the Universe. As argued in [9] , the solution manifold contains also the baryonic matter as dust, though.
The nonrelativistic model describes successfully the transition from decelerating to accelerating phase of the Universe, as well as the Hubble function and the flat behavior of galactic rotation curves [10, 13] . However, the nonrelativistic framework did not allow us to discover the physical mechanism which is behind the transition from a decelerating to an accelerating phase.
Initially, we tried to understand our results in terms of some dynamical dark energy (repulsive gravity determined by a negative pressure) [13] . However this is misleading, as we have learned by now from the relativistic treatment. We found that at sub-Hubble scales the relativistic model reproduces the nonrelativistic results, but with a new physical interpretation: The present-day cosmic acceleration is not attributed to any kind of dark energy (negative pressure), it is due rather to a dynamically determined negative spatial curvature [9] . But due to the restricted validity of the sub-Hubble scale approximation, we could not use this interpretation up to or beyond the transition point between decelerating and accelerating phases. In the present paper we extend this result as far as a nonrelativistic description of the Universe is permitted.
In section 2 we start with a Lagrangian-free generalization of our relativistic model [9] which contains, as ingredient, a self-gravitating, irrotational, pressure-less and stress free geodesic fluid. The dynamics is determined by an energy-momentum tensor consisting only of an energy density term and of a nontrivial energy flow vector. This defines the general framework for our cosmological model.
In the present paper we consider only the averaged dynamics of the Universe at very large scales which, allows us to work with conformally flat geometry. In section 3 we discuss the corresponding covariant propagation and constraint equations for the kinematic quantities. In section 4 we tackle first the problem of vanishing or small fluid shear. This limit turns out to be discontinuous. The two limits, namely the shear-free and the nonrelativistic limit, can not be interchanged. So the shear-free nonrelativistic limit has to be defined by taking the two limits in a definite way simultaneously. We will show that the leading terms of our equations in this limit contain a nontrivial and computable 1st-order relativistic contribution to the spatial curvature (which, however, vanishes to leading order). In section 5 we state the cosmological equations. In section 5.1 we derive them as Euler-Lagrange Equations in minisuperspace and then we consider their conditional dynamical symmetries as well as their dilation symmetry, derived as a residual symmetry after gauge fixing. In section 5.2 we derive from these dynamical symmetries the analytic solutions of the cosmological Equations. These are already known from our former work [10] - [13] , but now they are given in terms of the dynamically determined spatial curvature.
Due to the non-vanishing energy flow we cannot use the FLRW-formula for the angular diameter distance D A . In section 6 we derive the differential equation to be obeyed by D A for our model, as well as analytic expressions for the corresponding coefficients. Some concluding remarks are presented in section 7.
Assumptions
Within the framework of GR we consider a self-gravitating fluid, described by a velocity field u µ (x) (u µ u µ = −c 2 ; c denotes the velocity of light; Greek indices run from 0 to 3 and we use the usual summation convention) with the following properties:
• The fluid flow is geodesic (vanishing acceleration)
where ∇ ν is the covariant derivative given in terms of a torsion-free connection (Christoffel symbols).
• The fluid flow is irrotational. So, with (1), the covariant derivative of u µ is decomposed as,
where σ µν is the symmetric and trace-less shear tensor, h µν := g µν +c −2 u µ u ν is the spatial projector w.r.t. u µ and Θ := ∇ µ u µ is the rate of volume expansion.
• The energy-momentum tensor (EMT) T µν , which represents the right hand side of the EFEs (κ := 8πG; G µν denotes the Einstein tensor)
is supposed to be pressure-less and stress-free. Therefore the EMT is decomposed as,
where ρ is the energy density in the comoving frame and q µ is the energy flow vector (u µ q µ = 0).
The energy density ρ is the sum of the dark sector contribution and of the baryonic contribution.
The physical relevance of the energy flow vector will become apparent later (it determines the time-dependence of the spatial curvature).
All of the above listed assumptions are fulfilled by the relativistic darkon fluid model [9] restricted to spherical symmetric geometry. Hence the fluid model defined by these assumptions is a Lagrangian-free generalization of our relativistic darkon fluid model [9] .
Covariant propagation and constraint equations
Instead of describing the dynamics of our fluid by the EFEs (3) it is more convenient for our purpose to use the equivalent set of propagation and constraint equations for the kinematical quantities ρ, Θ, q µ and σ µν as given e.g. by Ellis and van Elst in their Cargese Lectures 1998 [14] (see also [15] ).
In the present paper we will consider only the averaged dynamics of the Universe at very large scales. Now we remind that the FLRW model is conformal flat. Therefore we assume, for very large scales, conformally flat geometry (vanishing of the Weyl tensor or, equivalently, vanishing of the electric and magnetic part of the Weyl tensor) also in our case.
Then, by using the assumptions stated in section 2, we obtain from section 2.2 of [14] (but including the correct factors of c):
• the shear-propagation equationσ
which, equivalently, may be written in terms of the 3-space Ricci tensor 3 R µν
Contraction of (7) leads to the energy constraint or generalized Friedmann equation
• the momentum constraint equation (D µ is the covariant derivative in the 3-space with metric h µν )
Here and in the following an over-dot denotes the covariant time derivative along the fluid flow: For any tensor field A we defineȦ
The once-contracted Bianchi identities imply the constraint equations
and
where round brackets indicate symmetrization. Equations (11) and (12) are the remainders of the propagation equations for the electric and magnetic part of the Weyl tensor. They guarantee that an initially vanishing Weyl tensor will remain zero.
From the twice-contracted Bianchi identities we infer
• the covariant conservation of the EMT
The time-like part of (13) gives the local energy conservation equatioṅ
and the space-like part gives the propagation equation for the energy flow vectoṙ
The solution of (14) for the energy density consists of two parts: A particular solution of the inhomogeneous equation (dark sector contribution) plus a solution of the homogeneous equation (dust-like baryonic contribution).
Nonrelativistic shear-free limit
It is well known that, for a general perfect fluid, the nonrelativistic limit (NRL) and the shear-free limit are not interchangeable. For the relativistic shear-free perfect fluid either the expansion or the rotation vanishes, whereas no such restriction exists for the corresponding nonrelativistic fluid (cp. [16] and the literature cited therein). For our case we obtain an analogous result:
Theorem For the relativistic shear-free, irrotational, pressure-less and stress-free geodesic fluid the energy flow vector vanishes (cp. [9] for the particular case of spherical symmetry).
For the proof we use of the following results obtained in this context by Coley and McManus [17] (we take c = 1):
• For the shear-free, irrotational and stress-free geodesic fluid we may use co-moving synchronous coordinates so that the metric has the form (Roman indices run from 1 to 3) [17]
with
and Θ is related to Ω by
• Vanishing pressure leads to the following equation to be satisfied by Ω [17] 
A lengthy but straightforward computation shows that the general solution of (19) with (17) is given by Ω = c(t)(kr
where k and β i are arbitrary constants. Hence by (18) ∂ i Θ = 0 and therefore, in arbitrary coordinates, (9) leads, for vanishing shear to
On the other hand by taking first the nonrelativistic limit and putting afterwards the shear equal to zero will not bother the energy flow vector. We conclude: The nonrelativistic shear-free limit of the model defined in section 2 is discontinuous.
So let us consider the case when, initially, the shear does not vanish but is almost shear-free (quasishear-free condition) [18] :
For the particular case of spherical symmetry Herrera et al. [18] have shown, by integrating (6) , that the shear will remain quasi-shear-free if Θ > 0 (which is always fulfilled in cosmology for an expanding Universe). We guess the stability of (22) will hold in the general case too. Supposed this will not be the case we could restrict the following considerations to the spherically symmetric case. We would not lose anything as the nonrelativistic shear-free limit has this symmetry. The NRL is defined by taking the limit ǫ 2 → 0 (ǫ 2 := c −2 ) in all of the propagation and constraint equations listed in section 3. To be more precise we will take the covariant NRL given by the NewtonCartan geometry [19] defined by a degenerate metric consisting of a "time-direction" n µ and a spatial metrich µν with nullvector n µ . The corresponding covariant derivative∇ µ is defined by (see (24) forh αβ )
Then the metric and the kinematic quantities show the following limiting behavior [20, 21] (Ã denotes the nonrelativistic limit of an arbitrary field or operator A):
hence Θ →Θ and σ ν µ →σ ν µ . We remark that the connection Γ, belonging to the covariant derivative defined by (23) , is not unique, let alone in the torsion-free case [21] . But for the following it is irrelevant to which element out of the class of admissible Γ the relativistic covariant derivative will converge.
To get a meaningful definition for the "nonrelativistic shear-free limit" we have to consider an appropriate sequence of relativistic models with non-vanishing shear which converges to a model defined by taking first c −2 → 0 (ǫ 2 → 0) and afterwards σ µν → 0 (ǫ 1 → 0) in all of the equations in section 3. To achieve this goal we introduce a two-dimensional vector ǫ = (ǫ 1 , ǫ 2 ) or, in polar coordinates ǫ 1 = ǫ cos α, ǫ 2 = ǫ sin α. Then we define the wanted sequence by taking the limit ǫ → 0 at fixed α with 0 < α < π/2. This way we have excluded from our sequence the singular case of taking first ǫ 1 = 0 and afterwards ǫ 2 → 0.
From the requirement that the r.h.s. of (7) has a finite NRL we obtain the expansion
yielding two consequences :
• the leading order dynamical equations contain a non-vanishing first order relativistic contribution 3 1 R µν to the 3-space Ricci tensor,
• the vanishing of 3 R µν to leading order implies that the 3-space is flat ("in 3-space the Riemann tensor is completely specified by the Ricci tensor", [15] section 2.7.6). Therefore we may use locally Galilean coordinates defined by [21] n µ = δ
Then our propagation and constraint equations given in section 3 read, in the nonrelativistic shear-free limit, in Galilean coordinates (here and in the following we omit the wiggly line at the top of nonrelativistic fields and D t := ∂ t + u k ∂ k denotes the convective derivative):
• Raychaudhiri-Ehlers (RE) equation
where we defined *
Constraint equations (10), (11)
• Local energy conservation equation
• Propagation equation for the energy flow vector
Furthermore we consider eq. (2) which reads, in the nonrelativistic shear-free limit in Galilean coordinates,
It is now an easy task to determine the dependence of Θ, ρ, u i and q i on the space coordinates x. From (29) and (30) respectively we infer that the volume expansion Θ and the energy density ρ are functions of time t only. Therefore, due to (28) and (32), respectively, the same holds for * R and ∂ e q e . Then, with the definition q(t) := 1 3 ∂ e q e , we obtain from (31)
and (34) is solved by
Insertion of (35) and (36) into (33) leads to a differential equation for q(t),
Next we define the cosmic scale factor a(t) byȧ
Then we get the well-known form for the RE-equation (27) ,
and the local energy conservation equation (32) readṡ
Now we are able to relate the curvature *
R(t) to the function q(t) . For that we define a curvature function K(t) by
whose time derivative is proportional to q(t),K
as it can easily be seen with the aid of(28) and (38) -(40). So, in the absence of an energy flow vector, we would haveK = 0 and therefore K = const. (FLRW Universe).
Large-scale cosmological model
Summarizing the foregoing results, we define the nonrelativistic cosmological model at large scales by the following system of three coupled ordinary differential equations (ODEs) for the cosmological scale factor, a(t), the active gravitational mass density, ρ(t), (we defineρ := κa 3 ρ 6 ), and the energy flow vector
with curvature function K(t) given by
Equations (43), (44) and (45) are equivalent to the cosmological equations derived for the first time in [10] , section V, obtained by restricting the solutions of the EOMs for the darkon fluid model to such which obey the cosmological principle [10] .
Due to their nonrelativistic nature, these equations contain no curvature function; eq. (46) resides outside the darkon fluid model. But, as we have shown in Sect. 4, a nontrivial curvature function can be incorporated into a nonrelativistic framework by taking into account the 1st-order relativistic correction of the spatial curvature. This led us to Eq. (46).
We remark that such a connection between mass density and curvature, as given by (46), has already been postulated in a static nonrelativistic context in a recent paper by Abramowicz et al. [22] (called "Enhanced Newtonian Gravitational Theory").
Dynamics and symmetries in minisuperspace
To gain deeper understanding of the Equations (43) - (46) and to find their possible symmetries we should derive them from a variational principle. We succeeded doing that only after having eliminated the function q(t) by integrating (45),
where the constant K 1 , which has been chosen in accordance with [13] , is fixed by the initial value of the energy flow vector q i . By substituting (47) for q in (44) yields the cosmological equations in reduced configuration spaceä
For the time derivative of the curvature function we obtain from (50) due to (48) and (49) (cp. (42))
So the constant K 1 is a measure of the strength of the time variation of the curvature function.
Let us now consider the following
with the Hamiltonian H given by
Here N is the lapse function which takes care of the time-reparametrization invariance of the action S = dtL. Variation of the Lagrangian (52) w.r.t. a, b, K,ρ and N leads to the four EOMṡ
and the Hamiltonian constraint
In the gauge N = 1 (choice of proper time) we obtain on the constrained surface H = 0 for (54) -(57) just the original cosmological Equations (48)-(51).
To recast the Euler-Lagrange Equations (54) -(57) into the Hamiltonian form, we use, instead of the canonical one, the symplectic approach.
Then, in the gauge N = 1 chosen here and in the following, eqns (54) -(57) take the form, where q i ∈ (a, b, K,ρ) are the coordinates in a 4-dimensional generalized phase-space, 
Now we inquire about dynamical (hidden) symmetries of the system of our EOMs (59). Let us define two functions Q 2,3 on generalized phase-space [13] 
From the EOMs (59) we obtain for their time-derivativeṡ
Their mutual PB yields a constant,
We observe that Q 2,3 are conserved only on the constrained surface H = 0, hence they represent conditional symmetries [23] . Let us now consider the infinitesimal transformations of the q i and the corresponding velocitiesq i generated by
Calculating (65) requires care: Because ofQ k = 0 in the unconstrained generalized phase space, we will have
Explicitly, using the Jacobi identity for the r.h.s. of (65) we obtain
It is straightforward to compute the explicit expressions for the infinitesimal transformations of the q i (64) and theq i (66). We will dispense with that. But we note that, surprisingly, they leave the EOMs (54) - (57) as well as the PBs (60) invariant without producing any additional terms proportional to H. Additionally we note that the time-reparametrization invariance of the action leaves, in the gauge N = 1 and on the constrained surface H = 0, the dilational symmetry as residual symmetry. Indeed the cosmological Equations (48) - (51) are invariant w.r.t. the transformations (λ ∈ R 1 )
where the scale dimensions z i of the generalized phase space coordinates q i are given by
Then, in the scaling limit,
Solution of the cosmological Equations
The (physical) solution space is defined as the common space of solutions of the constraint (50) and of the EOMs (48), (49). As shown by (62), the functions Q k (61) take constant values K k on this solution space. So (48) and (49) are completely integrable:
First of all, the expression for Q 3 (61) gives the algebraic Equation (a t := K 2 1 /K 3 is the transition scale factor)ρ 3 (a)
whose solution leads to an explicit expression forρ as a function of the scale factor a [10]
Next, the expression for Q 2 (61) leads to a separable 1 st -order ordinary differential equation (ODE), solved as,
The integral on the r.h.s. of (71) can easily be calculated without using the explicit expression (70) for ρ(a). By means of (69) we may rewrite it as [10] ;
leading to a lengthy expression in terms of elementary functions. We omit the details and refer to [10] , appendix A. A very important quantity for cosmological considerations is the Hubble function H :=ȧ/a, which is easily obtained from Q 2 (61) in terms ofρ(a) and a H(a) = 1
We summarize: Equations (70) and (72) determine the active gravitational mass density ρ(t) and the scale factor a(t) in terms of three integration constants K 1 , K 2 and K 3 (we recall that K 1 is determined by the initial value of the energy flow vector).
To get a deceleration/acceleration transition at a = a t > 0, we conclude from (48) and (69) that [10] , [13] • K 2,3 take necessarily positive values K 2,3 > 0, leading, due to the first formula in (61), to K 1 > 0 for an expanding Universe.
• Then for a < a t we are in the decelerating phase and for a > a t we are in the accelerating phase of the Universe.
In our former work [10] , [13] we have also compared the predictions of our model for the Hubble function as a function of the redshift z := 1 a − 1 (see the next section) with observational data of H(z). Thereby we determined the three integration constants K i by some observational values for z t , the Hubble parameter H 0 := H(0) and the deceleration parameter.
Now we inquire about what is new when compared to our former work [10] , [13] . In fact, by considering our nonrelativistic model as a limit of a relativistic one, we found a new physical interpretation: -The model contains no negative pressure. Hence any kind of dark energy is absent.
-The model possesses a time-dependent spatial curvature * R(t) which is dynamically determined by known values of the active gravitational mass density ρ and the cosmic scale factor a -The deceleration/acceleration transition, given by a sign change of ρ, and the subsequent acceleration phase of the Universe are driven by the time derivative of the curvature function.
-The conserved charges Q 2,3 represent conditional dynamical symmetries of the cosmological Equations.
Similar results have been obtained recently in the relativistic darkon fluid framework [9] at sub-Hubble scales. Now we have learned that these findings are valid generally, as far as a nonrelativistic description of the dark sector of the Universe is permitted.
To express the curvature function in terms of the scale factor, a, we insert the expression for H(a) (73) into (46) and obtain,
We conclude :
-For the present accelerating phase of the Universe K(a) turns out to be negative (due to (43) we havê ρ < 0). So we get a hyperbolic space.
-For the early decelerating phase (a ≪ 1) we obtain from (69)
leading, due to (74), to
So we get a spherical space.
Note that the relations (75) and (76) are exact in the scaling limit (68) we obtain for K 2 = K 3 = 0.
-The transition from a spherical to a hyperbolic space will take place at some a = a 0 with a 0 < a t .
Light propagation
The comparison of our model with observational data in [10] and [13] rests upon the use of modelindependent data for the Hubble function H(z) derived from differential ages of galaxies (cosmic chronometer method, see [24] ). On the other hand; the supernovae SN Ia-data (see the Union 2.1 compilation [25] ) are given in terms of the distance modulus defined by the logarithm of the luminosity distance D L which, by the reciprocity relation (cp. [15] ), is universally related to the angular diameter distance D A ( called "area distance" in [15] ) by,
The redshift z, which will be the independent variable here and in the following, is simply related to the cosmic scale factor a if the shear vanishes,
(cp. [26] ). Now the point to be made is that the luminosity distance D L or, by (77), the area distance D A depends heavily on the underlying cosmological model. The redshift dependence of the curvature function K(z), generated by the nontrivial energy flow vector in our model, does not allow to use the FLRW-formula for D A .
For a general cosmological model the area distance D A satisfies a differential equation ([27] , eq. (49) with (32) and (46)) which, if applied to our case, is given by
, where e µ is the spatial direction of observation satisfying e µ e µ = 1 and in the NRL n µ e µ = 0. Then in our case e µ = (0, 1) is the radial direction in spherical co-moving coordinates. In the same frame the energy flow vector takes according to (35) and (47) the form
where we have used the relation x = a r between Galilean coordinates x given in the Eulerian frame and co-moving coordinates r.
So we obtain
where r(z) is the radial distance between observer and the galaxy at redshift z r(z) :
and we have used for a generic function A(z) the relatioṅ
With the Ansatz D A = (1 + z) −1 f (z) we obtain for f (z) the differential equation,
[35] and, therefore, it is mandatory for the EMT to contain a nonvanishing energy flow vector. So it seems not to be absurd to consider our cosmological model as a first step in the search for a cosmological model with such a template metric. Another point to be made is the violation of at least the weak energy condition in our model (we have ρ > 0 in the decelerating phase but ρ < 0 in the accelerating phase of the Universe). But the longstanding believe that energy constraints on the EMT are necessary for a relativistic fluid to be physically reasonable are on the verge of dying [36] (e.g. quantum corrections for the coupling of scalar fields to gravity violate all local energy conditions [36] ). There is no reason to worry about this point therefore.
The solutions of our cosmological equations depend on three positive constants K i (i = 1, 2, 3) which are related to the initial conditions for Θ, ρ andK (orρ). To decide whether our model is an admissible alternative to the standard cosmological model or not, a least-squares fit to the cosmic chronometer data [24] (a preliminary comparison was made in [10] and [13] ) and for the SN Ia-data (Union 2.1-compilation [25] ) is called for. The latter case requires a numerical treatment of the differential equation (87) for the area distance (but such a numerical work is beyond the means of the present author).
In this paper we have treated exclusively the behavior of the Universe at large scales. It is an easy task to derive within our cosmological model the nonrelativistic dynamical equations also for the case of a nonvanishing Weyl tensor which, however, will contain nontrivial shear. This gives a basis for considering structure formation and other phenomena on astrophysical scales. To some extent this has already been done in our former work. In [9] and [13] we have shown that our model describes successfully the flat behavior of galactic rotation curves.
